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We have explored the occurrence of the spherical shell closures for superheavy nuclei in the framework
of the relativistic Hartree–Fock–Bogoliubov (RHFB) theory. Shell effects are characterized in terms of two-
nucleon gaps δ2n(p) . Although the results depend slightly on the effective Lagrangians used, the general
set of magic numbers beyond 208Pb are predicted to be Z = 120, 138 for protons and N = 172, 184, 228
and 258 for neutrons, respectively. Speciﬁcally the RHFB calculations favor the nuclide 304120 as the next
spherical doubly magic one beyond 208Pb. Shell effects are sensitive to various terms of the mean-ﬁeld,
such as the spin-orbit coupling, the scalar and effective masses.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.For a fairly long period, it remains a challenging issue in nuclear
physics to explore the existence limit of very heavy nuclei, i.e., the
superheavy elements (SHE) with Z  104 and the so-called sta-
bility island of superheavy nuclei (SHN). If at all, the existence of
this island in the nuclear chart would come from very subtle con-
tributions to the nuclear binding energy [1]. Experimentally, the
discoveries of new elements up to Z = 118 have been reported
in Refs. [2,3]. The increasing survival probabilities with increas-
ing proton number of SHE from Z = 114 to 118 seem to indicate
enhanced shell effects with increasing Z and therefore a possible
proton magic shell may emerge beyond Z  120 [4].
On the other hand, theoretical studies have provided a large
amount of valuable information for the exploration of SHN. These
studies can be separated into different categories: Microscopic–
Macroscopic (Mic–Mac) models [5,6], non-relativistic mean ﬁeld
[7–9] and covariant mean ﬁeld [7,8,10] approaches. The extrapo-
lation towards the superheavy region challenges the predictivity of
nuclear models. The Mic–Mac approach, despite its great success in
predicting nuclear binding energies for exotic nuclei, can hardly be
extrapolated towards very new regions where experimental data
are extremely scarce. The stability of nuclei is mostly driven by
shell effects and therefore, self-consistent mean ﬁeld methods are
probably the best conceptual tool to explore the superheavy re-
gion, although the Mic–Mac models still give a better quantitative
description of heavy nuclides.
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SCOAP3.We are searching for doubly closed-shell systems and we as-
sume spherical symmetry. Then, the shells are essentially de-
termined by the spin-orbit (SO) splittings, and by the effective
masses. Another effect which affects the shell structure is related
to the possible occurrence of an almost degeneracy among pseudo-
spin (PS) partners [11,12]. In the non-relativistic self-consistent
mean ﬁeld theory [13,14], the SO splittings depend directly on an
extra SO parameter in the energy density functional. In the super-
ﬂuid covariant density functional (CDF) theory, like the relativistic
Hartree–Bogoliubov (RHB) [15,16] or the relativistic Hartree–Fock–
Bogoliubov (RHFB) [17] approaches, the SO splitting depends di-
rectly on the Lorentz scalar and vector mean ﬁelds without addi-
tional term. The SO splitting is not adjusted and can be considered
as a prediction of relativistic Lagrangians, even in ordinary nuclei.
This might be an advantage for exploring unknown regions. Fur-
thermore, in the more complete RHFB version of the CDF theory
the SO splittings can be affected by meson–nucleon couplings like
Lorentz ρ-tensor couplings [12] not present in the simple RHB.
This is one of the main motivations for undertaking the present
study in the framework of the RHFB approach.
In this work we investigate the superheavy nuclides covering
Z = 110–140. In the pairing channel, the ﬁnite-range Gogny force
D1S [18] renormalized by a strength factor f is adopted as the
effective pairing interaction. The strength factor f is introduced
to compensate level-density differences among various mean ﬁeld
approaches. It was indeed shown that pairing related quantities,
such as odd–even mass differences and moments of inertia, are
systematically overestimated in the RHFB calculations of heavyunder the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
170 J.J. Li et al. / Physics Letters B 732 (2014) 169–173Fig. 1. Relative differences between the theoretical SO splittings δcal.ls and the ex-
perimental ones δexp.ls [25] in the (semi)-doubly magic nuclei indicated on the
horizontal-axis. Particle and hole SO partners are shown on the left while particle-
hole ones are on the right. See the text for details.
nuclei with the original Gogny pairing force [19]. The strength
factor f = 0.9 is therefore adjusted to reproduce the odd–even
mass differences of odd Pb isotopes. Concerning the relativistic
Hartree–Fock (RHF) mean ﬁeld, the adopted effective Lagrangians
are PKA1 [12] and the PKOi series (i = 2, 3) [20,21]. To com-
pare with approaches neglecting the Fock term (RHB), we also use
PKDD [22] and DD-ME2 [23] Lagrangians. The integro-differential
RHFB equations are solved by using a Dirac Woods–Saxon ba-
sis [24] with a radial cutoff R = 28 fm. The numbers of positive
and negative energy states in the basis expansion for each single-
particle (s.p.) angular momentum (l, j) are chosen to be 44 and 12,
respectively.
Let us ﬁrst discuss extrapolations to SHE of mean ﬁeld mod-
els which are well constrained on medium and heavy nuclei. For
instance, due to the high level density in SHE, small variations in
the s.p. level spacings due to different SO splitting predictions of
various models, can have a large effect on magicity. The SO force
is therefore a crucial ingredient of nuclear structure models, espe-
cially when it comes to extrapolations to SHN. Fig. 1 shows the
relative differences between calculated and experimental [25] SO
splittings for a selection of levels having well controlled spectro-
scopic factors. The relative differences are typically ∼ 20% when
both partners are particle or hole states, but they become larger
otherwise. This is not surprising since polarization and correlation
effects tend to shift unoccupied and occupied s.p. states into op-
posite directions [26,27]. If one compares the results of Fig. 1 with
those from non-relativistic mean ﬁeld models such as Skyrme–
Hartree–Fock (SHF) [8] it appears that the latter give systematically
larger deviations. Fig. 1 provides therefore a good motivation for
predictions of SHE based on relativistic Lagrangians.
SHE predictions have been carried out using relativistic mean
ﬁeld (RMF) models [7] or RHB models [10]. In such Hartree-type
approaches, the contribution of the Fock term is disregarded, at
variance with RHF, leading to a renormalization of the coupling
constants. It is an approximation which forbids the inclusion of
the π and the ρ-tensor mesons. While RMF models are as predic-
tive as RHF ones for medium and heavy nuclei, it is preferable to
base extrapolations to SHE on calculations including correctly the
contribution of the Fock term. It is also a motivation of the present
study.
Magicity in SHN might not be as well-marked as in the ordi-
nary nuclei [8]. To identify the magic shells, we will employ the
so-called two-nucleon gaps, δ2p (proton) and δ2n (neutron), i.e.,
the difference of two-nucleon separation energies of neighboring
isotopes or isotones, which provides an eﬃcient evaluation of the
shell effects [7,10],
δ2p(N, Z) = S2p(N, Z) − S2p(N, Z + 2), (1a)
δ2n(N, Z) = S2n(N, Z) − S2n(N + 2, Z). (1b)The peak values of the two-nucleon gaps are essentially deter-
mined by the sudden jump of the two-nucleon separation energies,
which can be taken as a clear evidence of the magic shell occur-
rence.
Fig. 2 presents the two-proton (left panels) and two-neutron
(right panels) gaps for the Z = 110–140 even–even isotopes calcu-
lated with the selected effective Lagrangians. We have adopted the
presentation of Ref. [7] so that the similarities and differences in
the predictions of the earlier study can be more easily seen. The
red-solid lines stand for the two-proton drip lines deﬁned as the
change in sign of the two-proton separation energy. Nuclei that
are stable with respect to β-decay or ﬁssion are represented with
ﬁlled green stars or ﬁlled blue circles, respectively. For a given
A (resp. Z ), the β-stability (resp. ﬁssion-stability) line is located
at the maximum of the binding energy per nucleon, and corre-
sponds as well to the minimum of the Q -value for β-decay (resp.
ﬁssion) [30]. The dashed blue line represents the β-stability line
given by the empirical formula Z = A/(1.98 + 0.0155A2/3) [28].
Experimental data taken from the NUBASE2012 evaluation of nu-
clear properties [29], including the extrapolated SHN, are located
below Z = 118 and are shown in Fig. 2 with empty red squares.
It is observed from Fig. 2 that these nuclei coincide largely with
the nuclei which are stable with respect to ﬁssion (ﬁlled blue cir-
cles), as predicted by our models, especially by PKA1. The effects
of deformation are not included in the present study of δ2p and
δ2n although they may also play a signiﬁcant role [31,32].
In Fig. 2, the squares are ﬁlled in proportion of the gap, which
varies from 1 to 5 MeV, as shown in the grey-scale index. Struc-
tures with large gaps between 3 and 5 MeV appear clearly in Fig. 2.
From the comparison of the different models shown in Fig. 2, it is
clear that PKA1 is the Lagrangian which predicts the larger gaps
for Z = 120, 126, 138 and N = 184, 258. These numbers are thus
the predicted magic numbers in neutron-rich SHN based on the
PKA1-RHFB model. The other effective Lagrangians also present
a remarkable proton shell at Z = 120. In addition, Z = 132 for
PKDD-RHB and Z = 138 for both RHFB (PKA1 and PKOi) and RHB
(PKDD and DD-ME2) approaches are found to be possible proton
magic numbers, consistent with the predictions in Ref. [10]. Con-
cerning the neutron shells, besides N = 184 and 258, PKA1 also
presents a well-marked shell structure at N = 172, which is also
present in the predictions of the other Lagrangians. Fairly distinct
shell effects at N = 184 and 258 are also found with the other
parameterizations, except with PKO2. Remarkable shell effects are
found at N = 228, although less pronounced compared to those at
N = 184 and 258 predicted by PKA1. Furthermore, a neutron shell
is predicted at N = 164 with PKO2, PKDD and DD-ME2 models,
and another is predicted at N = 198 with RHB models (PKDD and
DD-ME2).
We have checked that the neutron and proton pairing gaps are
also quenched for the same proton and neutron magic numbers
as those obtained in Fig. 2 for each considered Lagrangian. Com-
bined with the two-nucleon gaps, it is found that the proton shell
Z = 120 is predicted by PKA1 as well as by the other Lagrangians
used in Fig. 2. It is also predicted by some SHF models such as
SLy6, SkI1, SkI3 and SkI4 [7], but it must be stressed that the SHF
models can give different predictions for Z = 114 and Z = 126,
see for instance Ref. [7]. Z = 120 can however be considered as
a fairly good candidate for proton magic number. In Ref. [7] SHF
forces such as SkM* or SkP predict Z = 126 as a magic number
for neutron-poor isotopes. Z = 126 is also predicted as a magic
number by PKA1 model, but not by the other Lagrangians used in
Fig. 2, which predict a weak SO splitting for high- j states.
On the other hand, the situation for the neutrons is more
complex. Although N = 172 and 228 magic numbers seem to
be generally predicted by the selected effective Lagrangians, the
J.J. Li et al. / Physics Letters B 732 (2014) 169–173 171Fig. 2. Contour plots (in MeV) for the two-proton gaps δ2p (left panels) and the two-neutron gaps δ2n (right panel) as functions of N and Z . The two-nucleon gaps are
obtained with PKA1, PKO2 and PKO3 parameterizations for RHFB, and PKDD and DD-ME2 parameterizations for RHB. The red-solid lines represent the two-proton drip
lines. Nuclei stable with respect to β-decay and ﬁssion are marked with green ﬁlled stars and blue circles, respectively. The blue long-dashed lines represent the empirical
β-stability line [28]. The red empty squares indicate the experimental SHN from NUSEBASE2012 [29]. See text for more details.corresponding shell effects are rather weak. Except for PKO2, N =
184 and 258 are also generally predicted as candidates for neutron
magic numbers. Let us notice that a large number of SHF mod-
els considered in Ref. [7] as well as Gogny forces [9] have also a
large gap for these neutron numbers. Speciﬁcally, PKA1 can pro-
vide a better description of the nuclear shell structure than the
others [12] and a better agreement on the ﬁssion stability of ob-
served SHN (see Fig. 2), and it leads to pronounced shell effects.
In fact, as indicated by SHF investigations [33] N = 184 is also fa-
vored evidently to be a spherical neutron magic number and the
N = 184 isotones are expected to have spherical shapes. By com-
paring the predictions between the various models discussed here,
we conclude that 304120184 is a most probable doubly magic sys-
tem in the SHN region, and 292120172 might be another candidate
with less stability.
Nevertheless, from Fig. 2 one can ﬁnd distinct deviations among
the models in predicting the magic numbers. Z = 120 can be
considered as a reliable prediction of proton magic number and
Z = 138 could be another candidate with more model dependence.
The neutron shells N = 172, 184, 228 and 258 are common to sev-
eral models. Other shells, e.g., N = 198, appear essentially model
dependent. Among the present results, one may notice that RHB
calculations (PKDD and DD-ME2) predict more shell closures than
RHFB, and PKO2-RHFB predicts fewest candidates. To interpret such
distinct deviations, Table 1 shows the bulk properties of symmet-
ric nuclear matter determined by the present sets of Lagrangians.
In general the occurrence of superheavy magic shells is closely re-
lated with both the scalar mass M∗S and effective mass M∗NR [20],
which essentially determine the strength of SO couplings and levelTable 1
Bulk properties of symmetric nuclear matter calculated with the effective interac-
tions PKA1, PKOi series, PKDD and DD-ME2: saturation density ρ0 (fm
−3), binding
energy per particle EB/A (MeV), incompressibility K (MeV), asymmetry energy co-
eﬃcient J (MeV), scalar mass M∗S and non-relativistic effective mass M∗NR in units
of nucleon mass M .
Force ρ0 EB/A K J M∗S M∗NR
PKA1 0.160 −15.83 229.96 36.02 0.547 0.681
PKO1 0.152 −16.00 250.24 34.37 0.590 0.746
PKO2 0.151 −16.03 249.60 32.49 0.603 0.764
PKO3 0.153 −16.04 262.47 32.98 0.586 0.742
PKDD 0.150 −16.27 262.19 36.79 0.571 0.651
DD-ME2 0.152 −16.14 250.97 32.31 0.572 0.652
densities, respectively. Among the present models, the effective La-
grangian PKO2 predicts the largest values of both masses, leading
to relatively weak SO couplings and high level density on the av-
erage. As a result there remains little space in the spectra for the
occurrence of magic shells. On the other hand, the RHB models
(PKDD and DD-ME2) predict more magic shells due to the rela-
tively small masses. In fact, as seen from Fig. 2, PKO2 also presents
weaker shell effects than the others. For PKA1 the situation is dif-
ferent. Although it has a larger effective mass M∗NR than PKDD or
DD-ME2, PKA1 gives a smaller scalar mass M∗S and shows stronger
shell effects than the others. These may partially explain why PKA1
does not suffer from the common drawback of the CDF calcula-
tions — the so-called artiﬁcial shell closures induced by low M∗S
and M∗NR [34] — and why it leads to more degenerate PS part-
ners [12,35,36].
172 J.J. Li et al. / Physics Letters B 732 (2014) 169–173Fig. 3. Proton (left panel) and neutron (right panel) canonical s.p. spectra of superheavy nuclide 304120. The results are extracted from the RHFB calculations with PKOi series
and PKA1, and compared to the RHB ones with PKDD and DD-ME2. In all cases the pairing force is derived from the ﬁnite range Gogny force D1S with the strength factor
f = 0.9. See the text for details.It is interesting to compare the s.p. spectra obtained with differ-
ent effective Lagrangians. Taking the doubly magic SHN 304120184
as an example, Fig. 3 shows the proton (left panel) and neutron
(right panel) canonical s.p. spectra provided by selected models. It
is found that PKA1 provides the most evident magicity at Z = 120
and N = 184, respectively, although these shell closures are much
weaker than in ordinary nuclei. For the neutron shell N = 184, it
is essentially determined by the degeneracy of two PS partners
{2h11/2,1 j13/2} and {4s1/2,3d3/2}, respectively above and below
the shell. For the latter, the PS partners are predicted to be almost
degenerate by all the models considered, while for the former, the
PS partners have high angular momentum and some differences
among models are observed: PKA1 predicts a weak PS splitting, at
variance with the predictions of the other Lagrangians.
It is interesting to discuss the structure of the s.p. levels for
the proton shell closure Z = 120. As shown in the left panel of
Fig. 3 the proton shell closure coincides with a large PS splitting,
{3p3/2,2 f5/2}, whereas the SO doublet {3p1/2,3p3/2} above the
shell is almost degenerate. The shell gap at Z = 120 can there-
fore be interpreted as a manifestation of a large PS splitting and
a weak SO splitting. Below the shell Z = 120, the protons ﬁlling
in the high- j states will be driven towards the surface of the nu-
cleus due to the strong centrifugal potential and large repulsive
Coulomb ﬁeld in SHN. Both effects lead to an interior depression
of the proton distributions and consequently the interior region of
the mean potential is not ﬂat any more [9]. As a result the SO split-
ting is reduced, particularly for the low-l states 3p and 2 f which
have more overlap with the interior depression. Consequently the
splitting between neighboring PS partners (i.e., 3p3/2 and 2 f5/2) is
somewhat enlarged [37]. In Ref. [38] it is also pointed out that the
pronounced central depressions in the densities lead to the spheri-
cal shell gaps at Z = 120 and N = 172 as a direct consequence of a
large PS splitting, whereas a ﬂatter density proﬁle favors the shell
occurrence at N = 184 and Z = 126. This can happen not only for
SHN, and the emergence of a new shell closure at Z or N = 16 and
N = 32 [39,40] can be also related to a similar mechanism in light
exotic nuclei.
In summary, we have explored the occurrence of spherical shell
closures for SHN and the physics therein using the RHFB the-ory with density-dependent meson–nucleon couplings, and com-
pared the predictions with those of some RHB models. The shell
effects are quantiﬁed in terms of two-nucleon gaps δ2n(p) . To
our knowledge, this is the ﬁrst attempt to perform such exten-
sive calculations within the RHFB scheme. The results indicate
that the nuclide 304120184 could be the next spherically dou-
bly magic nuclide beyond 208Pb. It is also found that the shell
effects in SHN are sensitive to the values of both scalar mass
and effective mass, which essentially determine the spin-orbit ef-
fects and level density, respectively. As we already pointed out
in the introduction, the emergence or disappearance of shell clo-
sure is tied up with the evolution of the central and spin-orbit
mean ﬁelds, a feature that covariant mean ﬁeld models may de-
scribe in a more uniﬁed way as compared to non-relativistic en-
ergy density functional (EDF) approaches. A further advantage of
the RHFB framework is that exchange (Fock) terms are explicitly
treated rather than approximately included by readjusted direct
(Hartree) contributions as it is done in RHB (this is particularly
true for the Coulomb exchange energy which is basically absent in
RHB).
Experimental measurement of Qα for at least one isotope of
Z = 120 nucleus would help to set a proper constraint in deter-
mining the shell effects of SHN and to test further the reliability of
the models as well. One also has to admit that for a more exten-
sive exploration one needs to take into account the deformation
effects.
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